We study p-adic continuous functions in several variables taking values on Zp. We describe the orthonormal van der Put base of these functions and introduce a new class of p-adic Lipschitz functions. We also prove a Hensel's lifting lemma for this class of functions, generalizing previous results of Yurova and Khrennikov.
Introduction
The theory of non-Archimedean dynamical systems has been studied intensively in recent years, not only from the theoretical point of view but also from a practical one. A non-Archimedean field K is an ordered field that does not satisfy the Archimedean property, i.e. that every element is bounded above by a natural number. Examples of such fields include Q p , the field of p-adic numbers (see Section 2 for a formal definition), C p the complete algebraically closed p-adic field, the Levi-Civita field, the hyperreal numbers and F q T , the ring of formal power series in one variable T over a finite field F q . A very general theory of dynamical systems over non-Archimedean fields, including the theory over Berkovich spaces, is developed in [6] . The dynamical ergodic theory of Q p (the model for non Archimedean local fields of characteristic zero) is studied in [4] . In this article we will be concerned with the latter approach.
Some of the problems in the dynamical ergodic theory of Q p can be addressed by understanding the Q p -Banach space of continuous functions from S to Q p , for S ⊆ Q p . Under some assumptions on S, it is possible to define a notion of orthogonality for continuous functions from S to Q p . Then we have several choices for orthogonal or orthonormal bases, being the Mahler and the van der Put bases the main orthonormal ones, see Section 3. Using this approach there have been some characterizations of measure preserving functions, ergodic functions and locally scaling functions, among others, see e.g. [1-5, 11, 13, 15, 21, 22] . Some related results about dynamical ergodic theory of F q T , are presented in [10, 12] . Other interesting investigations in the field include [8, 15, 16, 18] .
However, our focus on this work is only tangential to dynamical systems. Is mainly related with number theory, more precisely with the existence of roots of p-adic functions. In [22] , Yurova and Khrennikov introduce a new criterion for finding a root of certain p-adic continuous functions, by looking at their van der Put expansion, see Section 3 for precise definitions. Over the p-adics, Hensel's lifting lemma asserts that for f (x) ∈ Z p [x] and a 0 ∈ Z p verifiying (1.1) f (a 0 ) ≡ 0 mod p and f ′ (a 0 ) ≡ 0 mod p, there is a unique a ∈ Z p such that f (a) = 0 and a ≡ a 0 mod p. Hensel's lemma is known for polynomials with coefficients in non Archimedean local fields of characteristic zero, or more generally, for Laurent series in C p x . Moreover, there are several equivalent forms of Hensel's lemma, see e.g. [7, 17, 19] . In many of these generalizations a hypothesis of type (1.1) is required, that is, there is always a condition about differentiability involved. But over Q p the classical notion of differentiability is not very useful, see e.g [20, Ch.5. Sec.1] or [21, Ch2. Sec.26], and there are several approaches to overcome this feature of p-adic analysis, see [4, 20, 21] .
One compelling fact about the work in [22] , is that there is no assumption about differentiability. What the authors proved in [22, Thm 2.4] is that for a subclass of 1-Lipschitz functions, it is possible to determine if f : Z p → Z p has a root, by solving a finite number of congruences. This subclass of 1-Lipschitz functions is characterized in terms of the coefficients of their van der Put expansion. In [22, Thm 3.3] the authors provide similar conditions for finding roots of some p α -Lipschitz functions.
Some recent generalizations of the aforementioned results are given in [13, 14, 23] . For instance, in [23] the same authors provide a new proof of their main result [22, Thm 2.4] , by using a new representation of p-adic functions, the so called sub-coordinate representation. In [13] , Jeong provides an equivalent statement for [22, Thm 2.4 ] by using the representation of a p-adic function in the Mahler base. In [14] , the authors generalize [22, Thm 2.4] for general continuous functions. In this work we take a step forward by generalizing [22, Thm 2.4 ] to the case of higher dimensional p-adic functions, i.e. functions from Z n p to Z p . It seems that the higher dimensional study of p-adic functions is not equally developed as the one dimensional case. To the best of our knowledge, the only works in this direction are those of Anashin in [1, 2, 4] . For this reason we have developed the required higher dimensional machinery for adapt the proof of [ 
p-adic numbers and p-adic functions
In this section we summarize the basic aspects of the field of p-adic numbers, for an in-depth discussion the reader may consult e.g. [4, 20, 21] .
We fix a prime number p. Let x be a non-zero rational number. Then, x = p k a b , with p ∤ ab, and k ∈ Z. The p-adic absolute value of x is defined as
The p-adic distance over Q is defined as d(x, y) := |x − y| p , for x, y ∈ Q. The field of p-adic numbers Q p is defined as the completion of Q with respect to the distance d. Any p-adic number x = 0 has a unique representation of the form
The integer γ is called the p-adic order of x, and it will be denoted as ord(x). By definition ord(0) = +∞.
A relevant fact about the p-adic norm | · | p is that it is ultrametric or non-Archimedean, i.e. one has |x + y| p ≤ max{|x| p , |y| p }, for any x, y ∈ Q p .
A basis of open sets for the topology of the metric space (Q p , d), is given by the open balls B r (a) with center a ∈ Q p and radius p r (with r ∈ Z):
The unit ball
is a compact set in (Q p , d). It is also a ring, more precisely, it is a domain of principal ideals. Any ideal of Z p has the form
This shows that pZ p is a maximal ideal. The residue field of Q p is Z p /pZ p ∼ = F p , the finite field with p elements.
From (2.1) it follows that any x ∈ Q p is a limit of a sequence {x (n) } n∈N of rational numbers
The sequence {x (n) } n∈N is called the standard sequence, see [21, Sec. 62 ]. The standard sequence of an element x ∈ Z p consists of non-negative integers and it is eventually constant if x ∈ Z. For a non-negative integer m and a p-adic integer x we will write m ⊳ x if m is one of the numbers x (0) , x (1) , . . .. In this case we will say that m is an initial part of x. where s = s(m) = ⌊log p m⌋.
van der Put Bases and Hensel's Lemma for Univariate Functions
3.1. van der Put Bases. We shall consider the Q p -vector space of continuous functions from Z p to Q p , that will be denoted by C(Z p → Q p ). By endowing
it turns out that C(Z p → Q p ) is a non-Archimedean Banach space, see [21, Sect. 22 ]. In addition, it is possible to define a notion of orthogonality over 
form an orthonormal base (the van der Put base) of the space C(Z p → Q p ). If f : Z p → Q p is continuous and has the expansion
There is another space of functions that is relevant for our purposes.
The set consisting of all p α −Lipschitz functions is denoted Lip α . The set of 1-Lipschitz functions, i.e. when α = 0, is denoted Lip 1 .
Note that condition (3.2) is equivalent to the following: for k ≥ 1 + α,
The class Lip α is characterized in terms of the van der Put expansion (3.1), as follows.
In such case, one has b α m := p −⌊log p m⌋+α B m ∈ Z p . In particular, see [5, Thm. 5] , for a continuous function from
In this case, one has b m := p −⌊log p m⌋ B m ∈ Z p .
3.2.
Hensel's Lemma. In [22] the authors investigate the existence of roots of functions f : Z p → Z p in the class Lip 1 . Their main results are stated in Theorems 3.2 and 3.3 bellow.
For any p-adic integer z, we denote by z k the reduction modulo p k of z. When k = 1 we will just use z. For a function f : Z p → Z p , f k corresponds to the reduction modulo p k of all the coefficients of the van der Put expansion of f . (2) [22]Thm 2.4. Let l 0 be a positive integer and let z be an integer with 0 ≤ z < p l0 and satisfying
For any non negative integers l, m with l 0 ≤ l, m < p l and such that m ≡ z mod p l0 , assume that b m+rp l ; r = 1, 2, . . . , p − 1 = {1, 2, . . . , p − 1}.
Then there exists a unique ζ ∈ Z p such that f (ζ) = 0 and ζ ≡ z mod p l0 .
A version of Theorem 3.2 for functions in the class Lip α is given in [22, Thm 3.2] and [22, Thm 3.2]. There, the authors state their results in terms of some subfunctions associated to f ∈ Lip α , see [22, Thm 3.1] . We present bellow equivalent statements of these results, not involving sub-functions, but based on observation (3.4) . The proof of such statement is analogous to the proof of [22, Thm 2.4], we present here our proof for the sake of completeness. For any non negative integers l, m with l 0 + α ≤ l, m < p l and such that m ≡ z mod p l0+α , assume that p −α b m+rp l ; r = 1, 2, . . . , p − 1 = {1, 2, . . . , p − 1}.
Then there exists a unique ζ ∈ Z p such that f (ζ) = 0 and ζ ≡ z mod p l0+α .
Proof. The first part is an easy variation of the corresponding proof of [22, Thm 2.1]. For the second part, we shall show that it is possible to lift the root z of f modulo p l0+α to a root in Z p . We start by assuming that
i.e. that f (ẑ) = tp l , for some t ∈ Z. Our first task is to find i ∈ {0, . . . , p − 1} such that
This last equation has a unique solution due to the hypothesis on the set p −α b m+rp l ; r = 1, 2, . . . , p − 1 .
The process described above shows that one may construct a sequence
where f (ẑ +z l p l ) ≡ 0 mod p l+1 andẑ +z l p l ≡ẑ mod p l . It follows that the sequence Z converges to some p-adic integer ζ and f (ζ) = 0, being ζ unique by the continuity of f .
Van der Put Bases and Hensel's Lemma for Multivariate Functions
In this section we will develop some analogues of the results in Section 2, for multivariate functions, i.e. functions F : Z n p → Z p .
4.1. Q n p and p−adic multivariate functions. We extend the p-adic norm to Q n p by taking ||x|| p := max 1≤i≤n |x i | p , for x = (x 1 , . . . , x n ) ∈ Q n p .
We define ord(x) = min 1≤i≤n {ord(x i )}, then ||x|| p = p −ord(x) . The metric space (Q n p , || · || p ) is a separable complete ultrametric space (here, separable means that Q n p contains a countable dense subset, which is Q n ). For r ∈ Z, we denote by B n r (a) = {x ∈ Q n p : ||x − a|| p ≤ p r } the ball of radius p r with center at a = (a 1 , . . . , a n ) ∈ Q n p , and take B n r (0) := B n r . Note that B n r (a) = B r (a 1 ) × · · · × B r (a n ), where B r (a i ) := {x i ∈ Q p : |x i − a i | p ≤ p r } is the one-dimensional ball of radius p r with center at a i ∈ Q p . The ball B n 0 equals the product of n copies of B 0 = Z p . We will prefer the notation Z n p , since it is also the local ring of Q n p . Note that, as in the one dimensional case, Z n p is a compact set in the topology of (Q n p , || · || p ). We may also consider the Q p -vector space of continuous functions from Z n p to Q p , that will be denoted by C(Z n p → Q p ). In this case one may shown in analogy with [21, Sect. 22] , that the supremum norm given by
makes C(Z n p → Q p ) a non-Archimedean Banach space. The orthonormal van der Put base of C(Z n p → Q p ) is described in the next theorem.
Theorem 4.1. For x = (x 1 , . . . , x n ) ∈ Z n p and m = (m 1 , . . . , m n ) ∈ Z n ≥0 , the functions E m (x) = e m1 (x 1 ) · · · e mn (x n ),
form an orthonormal base (the van der Put base) of the space C(Z n p → Q p ). Here the functions e mi (x i ) are the functions described in Theorem 3.1. Moreover, if F : Z n p → Q p is continuous and has the expansion
A m1,...,mn e m1 (x 1 ) · · · e mn (x n ), then A m1,...,mn = F (m 1 , . . . , m n ), when m i < p, for every i = 1, . . . , n, and
when m i ≥ p, for every i ∈ I.
Proof. We give the proof only for the case n = 2; the general case can be proved in a similar fashion. We begin by noting that when m 1 , m 2 ≥ p then
(4.1)
A similar calculation shows that
By substituting (4.2) and (4.3) into (4.1) we conclude that
which can be rewritten as
. The form of the coefficients A m1,m2 now follow from (4.4) and (4.5).
We proceed to show that {E m1,m2 } (m1,m2)∈Z 2 ≥0 is an orthonormal base. Let F (x, y) be an arbitrary element of C(Z 2 p → Q p ), and consider the series G(x, y) := F (0, 0)e 0 (x)e 0 (y)
[F (n 1 , n 2 ) − F (n * 1 , n 2 ) − F (n 1 , n * 2 ) + F (n * 1 , n * 2 )]e n1 (x)e n2 (y).
By the uniform continuity of F , lim n1,n2→∞
F (n 1 , n 2 ) − F (n * 1 , n 2 ) − F (n 1 , n * 2 ) + F (n * 1 , n * 2 ) = 0, which implies that G(x, y) converges uniformly, i.e. G ∈ C(Z 2 p → Q p ). Now, from the definition of G we have G(n 1 , n 2 ) = F (n 1 , n 2 ), n 1 , n 2 ∈ {0, 1, 2, 3, . . .}, and then by continuity G(x, y) = F (x, y). This shows that {E m1,m2 } is a generating set for C(Z 2 p → Q p ). Finally we shall show that {E m1,m2 } is an orthonormal set. To do so, note that, clearly ||F || ∞ ≤ sup m1,m2 |A m1,m2 | p . On the other hand, by the ultrametric property
which completes the proof. Now, for a given α = (α 1 , . . . , α n ) ∈ Z n ≥0 , let N x,y (α) := N ∈ {1, 2, . . . , n} be the index such that p αN |x N − y N | p = max 1≤i≤n {p αi |x i − y i | p }, then the analogue of property (4.6), can be stated as follows. F : Z n p → Z p is a p α -Lipschitz function if and only if For the next result we will introduce some notation. For a function F : Z n p → Z p , x = (x 1 , . . . , x n ) → F (x), and a fixed index l ∈ {1, . . . , n}, we denote by f l (z) the projection function
Proposition 4.1. Let F : Z n p → Z p be a p α -Lipschitz function, then the univariate function f l (z) ∈ Lip α l . Reciprocally, if F : Z n p → Z p is a continuous function and if f l (z l ) ∈ Lip α l , for every l ∈ {1, . . . , n}, then F (x) is a p α -Lipschitz function.
Proof. For the first part, assume that z ≡ w mod p k , then |z − w| p ≤ p −k and ||(x 1 , . . . ,
which shows that f l (z l ) ∈ Lip α l .
For the second part, note that by using (3.3) for l ∈ {1, . . . , n} we get
. . . z n ≡ w n mod p k ⇒ F (x 1 , x 2 , . . . , z n ) ≡ F (x 1 , x 2 , . . . , w n ) mod p k−αn , k ≥ 1 + α n .
(4.8)
Assume that z l ≡ w l mod p k for each l ∈ {1, . . . , n}. In particular this implies that z M ≡ w M mod p k for M as in (4.6) . In the left hand side of the first line of (4.8) take x 2 = w 2 to get F (z 1 , w 2 , . . . , x n ) ≡ F (w 1 , w 2 , . . . , x n ) mod p k−α1 . Now, in the second line make
Combining the previous congruences yields
We continue in this fashion to obtain
which is equivalent to the p α -Lipschitz condition for F .
In particular, one has that if F is a p β -Lipschitz function, each f l in (4.7) belongs to Lip β . And if each projection f l belongs to Lip β , then F is a p β -Lipschitz function.
It is also possible in the n-dimensional case to give a characterization of p α -Lipschitz functions in terms of van der Put expansions. for every m = (m 1 , · · · , m n ) ∈ Z n ≥0 . Proof. Again we give the proof only for the case n = 2. Recall from (4.4) that
In the first term m 2 is fixed and in the second term m * 2 is fixed, then by the p α -Lipschitz condition and Proposition 4.1, each term is bounded by p ⌊log p m1⌋+α1 . If now we write A m E m (x), is a p α -Lipschitz function, then a α1,...,αn m1,...,mn := p − max{⌊log p m1⌋+α1,...,⌊log p mn⌋+αn} A m1,...,mn ∈ Z p . In particular, when F is a p β -Lipschitz function then for every m = (m 1 , · · · , m n ) ∈ Z n ≥0 |A m1,...,mn | ≤ p − max{⌊log p m1⌋,...,⌊log p mn⌋}+β . Moreover, when F is a 1-Lipschitz function, one may assume that A m1,...,mn = p max{⌊log p m1⌋,...,⌊log p mn⌋} a m1,...,mn , for some a m1,...,mn ∈ Z p . This is the key observation that allow us to present the following generalization of Theorem 3.2. (2) Let l 0 be a positive integer and let z = (z 1 , . . . , z n ) ∈ Z n with 0 ≤ z i < p l0 for i = 1, . . . , n and satisfying
Consider a non negative integer l with l ≥ l 0 . Set also m = (m 1 , . . . , m n ) ∈ Z n ≥0 satisfying m i < p l for i = 1, . . . , n and m i ≡ z i mod p l0 . For l and m as above assume that there is at least one index j ∈ {1, . . . , n} such that {a m1,...,mj +rp l ,...,mn ; r = 1, 2, . . . , p − 1} = {1, 2, . . . , p − 1}.
Then there exists a unique ζ ∈ Z n p such that F (ζ) = 0 and ζ i ≡ z i mod p l0 , for every i ∈ {1, . . . , n}.
Proof. The proof of the first part is an easy variation of the proof of [22, Theorem 2.1], taking into account Proposition 4.1. The proof of the second part consists in the construction of a root ζ = (ζ 1 , . . . , ζ n ) of the function F . This root will be found as the lifting of z.
As in the proof of [7, Thm. 3, Sec. 5.2] we consider the polynomial f j (t) = F (x 1 , . . . , x j−1 , t, x j+1 , . . . , x n ), defined in 4.7. It is sufficient to find a p-adic integer τ for which (4.9) f j (τ ) = 0, and τ ≡ z j mod p l0 .
Once we have such τ , our root ζ will be defined as ζ = (z 1 , . . . , z j−1 , τ, z j+1 , . . . , z n ).
But Proposition 4.1, implies that f j (t) ∈ Lip 1 , so one may apply Theorem 3.2 to obtain a unique τ verifying (4.9). This completes the proof.
Finally we present our main Theorem, which is a generalization of Theorem 3.3 for the case of p α -Lipschitz functions. (1) The function F has a root in Z n p if and only if there exist at least one index j ∈ {1, . . . , n}, such that the projection function f j (z) (defined in 4.7) has a root.
(2) Let l 0 be a positive integer and let z = (z 1 , . . . , z n ) ∈ Z n with 0 ≤ z k < p l0+α k for k = 1, . . . , n and satisfying F (z) ≡ 0 mod p l0−min{α1,...,αn} .
Consider a non negative integer l with l ≥ l 0 . Set also m = (m 1 , . . . , m n ) ∈ Z n ≥0 satisfying m i < p l for i = 1, . . . , n and m i ≡ z i mod p l0+αi . For l and m as above assume that there is at least one index j ∈ {1, . . . , n} such that p −αj a α1,...,αn m1,...,mj +rp l ,...,mn ; r = 1, 2, . . . , p − 1 = {1, 2, . . . , p − 1}. Then there exists a unique ζ ∈ Z p such that F (ζ) = 0 and ζ k ≡ z k mod p l0+α k , for every k ∈ {1, . . . , n}.
Proof. The proof follows by the same reasoning followed in the proof of Theorem 4.2, using Theorem 3.3 and Proposition 4.1.
Final Remarks
In this work we have proved a Hensel's lifting lemma for a new class of multivariate p-adic Lipschitz functions. In the search for the correct statement of our results we have developed some part of the theory of higher dimensional p-adic functions F : Z n p → Z p . Some of these developments include a description of the orthonormal van der Put base of C(Z n p → Z p ), the introduction of the new class of p α -Lipschitz functions and their characterization in terms of their coefficients in the van der Put basis. We think that these constructions are of independent interest and contribute to the study of higher dimensional p-adic analysis, they may as well, stimulate future studies on p-adic dynamics. Some possible directions that may be of interest to the community working on these topics include the study of Bernoulli maps, or more generally of locally scaling functions like in [9, 11, 15, 16] . Another mater that could be of some use is to link the class of p α -Lipschitz functions with the class of compatible functions defined in [4] . It is also very natural to try to extend the results of [14] to higher dimensional p-adic functions. Finally, it is also likely that some of our results may be extended to the field F q T , as in the works [10, 12] .
